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LEAKAGE  REACTANCE 
OF  TRANSFORMERS. 


The  extensive  use  of  electrical  machines  at  the  present  time 
has  naturally  given  rise  to  keen  competition  among  the  manufacturers 
of  such  machines.     In  the  face  of  this  competition  the  demand  for 
guaranteed  performances  of  machines  has  become  universal,  and  in 
order  that  the  manufacturer  may  guarantee  to  the  purchaser  that  the 
machine,  which  is  still  on  paper,  will  when  built  operate  in  a 
specified  manner,  it  is  evident  that  a  knowledge  of  the  details  of 
construction  ths.t  greatly  influence  the  operating  characteristics  of 
the  machine  is  indispensable  to  the  manufacturer,  and  must  be  as 
thorough  and  comprehensive  as  possible. 

Now,   in  the  consideration  of  the  details  of  construction  of 
any  electrical  machine  it  is  important  to  know  certain  factors 
influencing  its  operation.    Among  the  most  important  of  these  factors 
are  efficiency  and  regulation.    Efficiency  is  of  importance  from  the 
standpoint  of  economy.    Regulation,  which  term  is  used  to  designate 
the  uniformity  of  operation  under  various  conditions  of  load,  is  of 
importance  from  the  standpoint  of  satisfactory  service.    Because  of 
the  very  obvious  importance  of  high  efficiency  in  all  apparatus,  it 
is  one  of  the  very  first  things  that  the  designer  and  manufacturer 
strive  to  attain,  and  consequently  the  matter  of  obtaining  high 


o 


efficiency  has  been  carefully  investigated,  and  the  construction 
of  practically  all  coiranercial  apparatus  perfected  to  a  high  degree 
toward  this  end.    Furthermore,  the  calculation  of  the  efficiency  of 
a  given  machine  does  not,  in  general,  involve  any  very  complicated 
theory  or  cumbersome  equations,  and  may  be  carried  through  with 
comparative  ease.    Not  only  must  a  machine  operate  at  as  high  effi- 
ciency as  possible,  but  it  must  operate  as  uniformly  as  possible 
under  varying  conditions  of  load,  i.e.,  its  regulation  must  be  good. 
In  general,  regulation  may  be  defined  as  the  change  in  the  value  of 
a  given  fvmtion  of  the  machine  from  no  load  to  full  load  expressed 
as  a  percent  of  the  full  load  value.  Hence,  the  lower  the  regulation, 
the  more  imifonn  the  operation  of  the  machine  over  its  working  range 
in  regard  to  the  function  considered.     V/hat  the  function  may  be  in 
regard  to  which  the  regulation  is  desired  depends  upon  the  kind  of 
machine  considered,  and  is  generally  that  function  which  it  is 
desired  to  keep  constant.     Thus,  in  a  motor  it  is  the  speed  regula- 
tion that  is  of  interest;  and  in  a  generator,  transmission  line,  or 
constant  potential  transformer  it  is  the  voltage  regulation. 

In  a  machine  designed  to  generate  or  transfom  electrical 
energy  at  such  a  constant  potential  there  is  generally  a  drop  in 
this  voltage  as  the  load  comes  on.  In  general,  this  drop  may  be  due 
to  four  causes,  namely,  resistance,  inductance,  capacity,  and  a 
decrease  in  the  inducing  flux  caused  by  magnetic  reactions  set  up 
by  the  load  current  in  the  machine.     In  a  generator  the  drop  in 
voltage  from  no  load  to  full  load  is  due  to  resistance  and  reactance 
drops  in  the  armature,  and  to  the  reaction  of  the  armature  current 
upon  the  field,  all  of  which  increase  as  the  armature  current  in- 
creases.    In  a  transmission  line  the  voltage  drop  is  due  to  resist- 


ance,  reactance,  and  capacity,  and  may  (owing  to  the  capacity  effect) 
be  negative,  or,   in  other  words,   the  voltage  may  rise  in  the  line. 
In  a  transformer  the  voltage  drop  from  no  load  to  full  load  is  due 
to  resistance  and  reactance.     In  the  case  of  generators  this  drop 
may  be  overcome  by  compounding,  or  by  separate  regulating  devices. 
In  the  case  of  transmission  lines  it  may  be  overcome  by  the  above 
devices  at  the  sending  end  for  short  lines,  or  by  a  synchronous 
motor  at  the  receiving  end  for  long  lines.    For  transformers,  how- 
ever, the  matter  of  regulation  becomes  a  different  proposition. 

Present  systems  for  electrical  pov/er  distribution  tend  tov/ard 
the  centralization  of  generating  units,  and  transmission  of  energy 
at  high  voltages  from  the  central  station  to  the  separated  consumers. 
Such  a  system  involves  the  use  of  step-up  transformers  at  the  sending 
end  and  a  large  number  of  step-dov.Ti  transformers  at  different  points 
in  the  system  where  energy  is  utilized.    Regulating  devices,  as 
explained  above,  may  be  used  to  compensate  for  drop  in  the  generator, 
step-up  transformers,  and  line,  thus  maintaining  practically  constant 
potential  at  distributing  points;  but  as  the  loads  on  the  step-down 
transformers  are  not  all  the  same  at  the  same  time,  it  is  obviously 
impossible  to  compensate  for  the  drop  in  these  transformers  by  this 
method.     Since  the  application  of  any  external  regulating  device 
would  be  impractical,  it  is  essential  that  the  inherent  regulation 
of  such  a  transformer  be  as  good  as  possible,  in  order  that  the 
variation  in  secondary  voltage  with  variation  in  load  may  not  be 
excessive . 

It  is  well  to  give  here  a  rigid  definition  of  this  regulation 
as  applied  to  a  constant  potential  transformer.     It  is  defined  as 
the  drop  in  secondary  voltage  from  no  load  to  full  non-inductive 
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load  in  percent  of  the  secondary  voltage  at  full  non-inductive  load. 

This  drop  in  the  secondary  voltage  is  equivalent  to  an 
impedance  drop  in  the  transformer.  The  part  of  this  drop  due  to 
resistance  is  very  easily  determined,  and  is  generally  small  in 
comparison  with  the  reactance  drop.     The  reactance  is, then,  the 
more  important  factor,  and  is  the  one  more  difficult  to  determine 
from  design  data.     This  reactance  is    due  to  the  leakage  of  lines  of 
force,  and  hence  is  termed  leakage  reactance.     In  a  commercial  trans 
former  all  of  the  lines  of  force  set  up  by  the  primary  current  do 
not  thread  the  secondary  coil,  and  hence  are  not  effective  in  the 
transference  of  energy.    These  lines  which  do  not  thread  the  second- 
ary coil  set  up  a  reactive  electrom.otive  force  in  the  primary,  and 
produce  what  is  called  the  primary  leakage  reactance.  Similarly, 
all  of  the  lines  of  force  set  up  by  the  secondary  current  do  not 
thread  the  primary  coil,  and  hence  serve  to  induce  a  reactive 
electromotive  force  in  the  secondary.     This  produces  what  is  termed 
the  secondary  leakage  reactance.     The  combined  effect  of  the  two 
constitutes  the  total  leakage  reactance  of  the  transformer. 

Although  such  leakage  reactance  of  transformers  is  a  matter 
of  considerable  importance,  very  little  has  been  written  on  the 
subject,     VJhat  little  investigation  has  been  carried  on, .  as  evidenced 
by  available  literature,  seems  to  have  been  due  chiefly  to  Germany. 
The  complexity  and  apparent  intangibleness  of  the  subject  offer 
serious  opposition  to  its  investigation,  and  perhaps  explain,   in  a 
measure,  its  lack  of  development.    The    fact  that  information 
regarding  the  leakage  reactance  of  transformers  is  so  meager  makes 
it  a  legitimate  and  profitable  field  for  investigation,  and  it  is 
the  purpose  of  this  paper  to  investigate  the  subject  as  thoroughly 
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as  time  and  apparatus  will  permit.     Since  leakage  reactance  is 
dependent  upon  a  great  many  variables,   the  development  of  any  rigid 
I  formula  for  its  calculation  can  hardly  be  expected.     It  is  purposed 
:  merely  to  develop  the  theory  to  a  point  where  an  intelligent  dis- 
cussion of  the  effects  of  different  variables  may  be  undertaken,  to 
present  and  di-scuss  such  theory  and  equations  as  have  already  been 
developed,  and  to  verify  these,  as  far  as  possible,  by  experimental 
work. 

In  order  to  carry  out  this  development,   it  is  necessary, 
first,  to  consider  fimdamental  conceptions  and  definitions.  Conse- 
quently, the  first  part  of    the  theory  will  be  devoted  to  a  discussioi 
of  the  flux    about  straight  conductors,  and  a  development  of  the 
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fundamental  idea  of  leakage  flu^.    Then  the  discussion  will  be 
extended  to  coils  without  iron  cores,  and    a  brief  study  made  of 
the  flixx.  about  such  coils.    Finally,  an  iron  core  will  be  inserted 
in  the  two  coils,  thus  forming  a  simple  transformer.    After  a 
j  discussion  of  the  fl-ux  paths  in  a  simple  transformer,  will  be  given 
I  derivations  of  formulae  for  different  types  of  commercial  transformers.. 
Then  will  follow  a    description  of  such  experimental  work  as  was 
carried  on,  and  a  discussion  of  results  obtained.    Finally,  such 
results  and  conclusions  as  may  be  derived  from  the  discussion  will 
be  presented. 


If  any  one  phenomenon  may  be  said  to  lie  at  tho  bapo  of  the 
electrical  engineering  profession,  it  is  the  well  kno^m  phenomenon 
of  the  induction  of  an  electromotive  force  in  a  conductor  v;hich  is 
moved  between  the  poles  of  a  magnet  so  that  it  has  a  component  of 
velocity  at  right  angles  to  the  line  joining  the  poles.     The  space 
about  the  poles  of  the  magnet  in  v/hich  this  phenomenon  occurs  is 
called  a  magnetic  field.    The  expression  "a  region  of  stress  in  the 
ether"  seems  to  be  the  generally  accepted  explanatory  definition  of 
of  this  magnetic  field,  and  by  a  line  of  force  is  understood  the 
path  along  which  an  assigned  value  of  this  stress  exists.    A  line 
of  force,  then,  is  a  quantity  having  a  definite  value,  and  acting  in 
a  certain  direction.     The  number  of  these  lines  crossing  a  given 
section  is  spoken  of  as  the  magnetic  flux  across  that  section. 
The  behavior  of  lines  of  force  is  very  similar  to  that  of  stream 
lines,  and  accordingly  they  have  certain  recognized  characteristics 
which  are  important:    First,  they  are  not  set  up  in  all  media  with 
facility;  Second,  they  act  along  closed  paths;  and  Third,  they  do 
not  cross  each  other. 

It  is  known  that  if  a  conductor  of  circular  cross  section 
is  carrying  a  current,  and  is  placed  in  a  medium  of  uniform  permea- 
bility, that  is,  a  medium  in  all  parts  of  which  lines  of  force  may 
be  set  up  with  equal  facility,  there  exist  lines  of  force  forming 
concentric  rings  around  the  conductor,     V/hen  the  current  is  started 
in  the  conductor,  these  lines  of  force  establish  themselves  by  out- 
ward radiation,  and  when  the  current  is  cut  off  they  contract  toward 
the  wire.     In  Fig.l  let  O  represent  the  cross  section  of  the  con- 
ductor.   Then,  when  the  current  is  started  through  the  conductor, 
the  lines  of  force  are  established  in  the  order   <7  /b  c  ,  and 
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when  the  current  is  cut  off  they  are  destroyed  in  the  order  (y/ci?a 
The  direction  of  these  lines  of  force,  v/ith  the  current  entering 
the  paper  as  it  were,  is  clockwise.     If  the  current  is  reversed,  the 
direction  of  the  lines    of  force  would  be  counter-clockwise.  Thus, 
around  a  conductor  carrying  an  alternating  current  there  is  for 
each  cycle  an  establishing  of  lines  of  force  in  one  direction,  their 
destruction,  then  the  establishing  of  lines  of  force  in  the  opposite 
direction,  and  their  destruction. 

Any  relative  motion  between  a  conductor  and  lines  of  force, 
that  has  a  component  of  velocity  at  right  angles  to  the  lines  of 
force,  will  induce  an  electromotive  force  in  the  conductor.  Evidently 
this  relative  motion  may  be  obtained  either  by  holding  the  field 
constant,  and  moving  the  conductor;  or  by  holding  the  conductor 
fixed,  and  causing  the  lines  of  force  to  move.     The  first  method  is 
illustrated  by  the  passing  of  a  wire  between  the  two  poles  of  a 
magnet.;  the  second,  by  placing  a  conductor  in  the  vicinity  of  and 
parallel  to  another  conductor  carrying  an  alternating  current.  The 
alternating  current  in  the  first  conductor  sets  up  a  magnetic  field, 
varying  as  shown,  and  the  lines  of  force  as  they  travel  back  and 
forth,  cut  the  second  conductor,  and  thereby  induce  in  it  an 
electromotive  force. 

Not  only  do  the  lines  of  this  alternating  field  cut  the 
second  wire,  but  they  also  cut  the  first  wire,  in  which  the  current 
is  flowing,  thus  inducing  a  back  or  reactive  electromotive  force. 
This  phenomenon  is  known  as  self-induction.     The  electromotive  force 
of  self-induction  opposes  the  impressed  electromotive  force,  and 
hence  the  electromotive  force  impressed  upon  such  a  conductor  is 
consumed  in  overcoming  the  resistance  drop  and  the  self- inductive 
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electromotive  force.     Since  the  lines  of  force  about  this  conductor 
travel  back  and  forth  four  times  per  cycle,  and  since  the  electro- 
motive force  induced  in  a  conductor  is  proportional  to  the  rate  of 
cutting  lines  of  force,  it  is  evident  that  the  position  for  maximum 
induced  electromotive  force  is  that  position  where  all  of  the  lines 
cut  the  conductor,-  and  this  position  is  obviously  that  of  the  con- 
ductor carrying  the  current.    Hence,  it  is  seen  that  the  maximum 
electromotive  force  that  it  is  possible  for  such  a  field  to  induce 
is  the  electromotive  force  of  self-induction.     Since  the  resistance 
drop  of  the  conductor  has  no  bearing  upon  the  present  discussion, 
it  will  be  assumed  that  the  resistance  of  the  conductor  is  so  small 
as  to  make  this  drop  negligible,  and  hence,  the  total  voltage  im- 
pressed upon  the  first  conductor  will  equal  the  electromotive  force 
of  self-induction.     If  now,   it  were  possible  to  have  a  second  con- 
ductor occupying  exactly  the  same  space  as    the  first  conductor, 
the  same  lines  of  force  that  cut  the  first  conductor  would  cut  it 
also,  and  hence  there  would  be  induced  in  it  an  electromotive  force 
equal  to  the  self- inductive  electromotive  force  of  the  first  conduct- 
or, or  equal  to  the  electromotive  force  impressed  upon  the  first 
conductor.     Such  a  condition  is,  however,  a  physical  impossibility; 
and,  hence,  we  cannot  have  induced  in  the  second  conductor  an  electro 
motive  force  equal  to  that  impressed  upon  the  first.     That  part  of 
the  flux  which  does  not  cut  both  conductors,  but  which  cuts  only  the 
first,  is  known  as  leakage  fliix.     Thus,   in  Fig. 2,  the  flux  indicated 
by  the  dotted  lines  is  leakage  flux,  and  that  indicated  by  the  full 
lines  is  flux  effective  for  inducing  equal  electromotive  forces  in 
both  conductors. 

Now,  as  the  current  in  the  first  conductor  varies,  it  is 
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seen  that  electromotive  forces  are  induced,  in  both  conductors  in  the 
same  direction.     In  order  that  the  current  in  the  first  conductor 
may  exist,   it  is  evident  that  at  each  instant  the  value  of  impressed 
electromotive  force  must  be  sufficient  to  counteract  the  self- induced 
electromotive  force.    Hence,  the  electromotive  force  induced  in  the 
second  conductor,  which  will  be  called  secondary  electromotive  force, 
opposes  the  electromotive  force  impressed  upon  the  first  conductor, 
which  will  be  called  primary  electromotive  force. 

Let  us  now  consider  the  condition  that  exists  when  the  second 
conductor  is  short-circuited  so  that  a  current  may  flov^  through  it. 
It  was  seen  above  that  the  direction  of  the  secondary  electromotive 
force  was  opposite  to  that  of  the  primary.    Hence,  the  current,  and 
therefore  the  magnetic  field  set  up  by  the  secondary  current  will 
oppose  the  magnetic  field  set  up  by  the  primary  current.     This  con- 
dition may  be  illustrated  as  in  Fig. 3,  v/here  the  lines  indicated  are 
not  lines  of  force,  but  paths  along  which  there  is  a  tendency/  for 
lines  of  force  to  be  set  up  due  to  each  conductor.     The  lines  of 
force  actually  existing  will  be  as  in  Fig. 4,  along  the  resultants  of 
these  tendencies.     Since  the  second  conductor  is  short-circuited,  the 
voltage  across  it  is  zero,  and  if  the  conductors  could  be  so  arranged 
that  the  tendency  of  the  first  conductor  to  set  up  lines  of  force 
were  just  neutralized,  or  destroyed,  by  the  tendency  of  the  second 
to  set  them  up  in  the  opposite  direction,  the  primary  voltage  would 
be  zero.     This,  it  has  been  shown,  would  mean  that  the  two  conductors 
must  occupy  the  same  space.     Since  this  is  impossible,  there  is 
magnetic  leakage,  i.e.,  there  are  lines  that  cut  but  one  conductor, 
and  hence  there  must  be  a  primary  voltage  the  value  of  which  is 
dependent  upon  the  amount  of  magnetic  leakage.     Referring  to  Fie. 2, 
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it  might  be  well  to  consider  a  little  more  in  detail  what  happens. 
Let  there  be  N  lines  of  force  set  up  by  the  current  in  conductor  /  , 
A/'of  which  enclose  also  conductor^  .  N-^n'  is,  then,  the  number 
of  leakage  lines,  and  the  ratio  of  secondary  to  primary  voltage  is 
,     If  now  the  second  conductor  is  short-circuited,   the  electro- 

N 

motive  force  across  it  becomes  zero,  which  necessitates  that  it  sot 
up  n" lines  of  force  to  destroy  the  tl'  lines  of  the  first  conductor. 
All  of  these  tl"  lines  do  not,  however,  cut  the  first  conductor,  and 
hence  there  is  a  secondary  stray  field  corresponding  to  the  primary 
stray  field.     The  resultant  stray  field  resembles  that  shown  in  Fig. 4 
The  secondary  stray  field  will  sot  up  an  electromotive  force  of  self- 
induction  in  the  second  conductor  similar  to  the  self- induced  electro 
motive  force  in  the  first  conductor.     Since,  however,  the  electro- 
motive force  across  the  short-circuited  second  conductor  must  be 
zero,  this  self-induced  electromotive  force  must  be  counteracted, 
and  is  coiinteracted  by  an  electromotive  force  impressed  upon  the 
primary.     Since  it  requires  in  the  secondary  an  electromotive  force 
of  mutual  induction  to  overcome  the  electromotive  force  of  self- 
induction,  and  since  the  secondary  mutually  induced  electromotive 
force  is  in  phase  with  the  self- induced  electromotive  force  in  the 
first  conductor,  it  will  require  an  electromotive  force  impressed 
upon  the  first    conductor  in  phase  v/ith  the  electromotive  force  im- 
pressed upon  it  to  overcome  its  own  self-induction.     Hence,  with  the 
second  conductor  short-circuited,  the  electromotive  force  impressed 
upon  the  first  is  of  a  value  needed  to  overcome  the  self-induction 
of  both  the  first  and  second  conductor,  and  is,  therefore,  propor- 
tional to  the  sum  of  the  primary  and  secondary  leakage  fluxes. 

The  above  discussion  has  been  general,  and  in  order  to  make 


a  more  definite  problem  of  the  subject  of  magnetic  leakage,   it  will 
be  necesoary  to  take  up  the  laws  applicable  to  the  solution  of  a 
magnetic  circuit,     A  magnetic  circuit  may  be  considered  analogous 
to  an  electric  circuit,  where  magnetic  flux  corresponds  to  the 
electric  current;  the  force  tending  to  set  up  this  flux,  known  as 
magnetomotive  force,  corresponds  to  electromotive  force;  and  the 
resistance  of  the  path  to  the  establishment  of  this  flux,  known  as 
reluctance,  corresponds  to  electrical  resistance.    Then,  similar  to 
Ohm's  law  for  the  electric  circuit,  we  have  the  fundamental  law  of 
the  magnetic  circuit, 

m.  rr?  -^  ^  (/^  (p 

where  /77.rr7,-/:  is  the  magnetomotive  force,  (/^  is  the  reluctance,  and 
is  the  flux.     The  magnetomotive  force  of  a  conductor  is  propor- 
tional to  the  current  flowing  in  it,  and  the  reluctance  of  a  path 
is  directly    proportional  to  its  length  and  inversely  proportional 
to  its  cross  section,  or, 

m.-f^=  ^'J       and,  K" 

Then,  <f:  =z  j^^^  ^      ^    ^ZT"  ' 

the  flux  is  directly  proportional  to  the  current  and  to  the  area  of 
the  cross  section,  and  inversely  proportional  to  the  length  of  the 
path.     The  magnetomotive  force  due  to  a  conductor  carrying  a  c.g.s. 
unit  of  current  is,  from  the  definition  of  unit  current, ^tt  ,  or, 
for  one  ampere  it  is  Then,  for  V  am.peres  the  magnetomotive 

force  due  to  the  conductor  is  »*^Tr'-< 

With  this  fundamental  law  of  the  magnetic  circuit  in  mind, 
the  distribution  of  flux  around  a  roi;ind  conductor  may  be  studied. 
Referring  to  Fig. 5,  let  r  be  the  radius  of  the  cross  section  of  the 
conductor,   unit  length  of  which  will  be  considered.     Let  -f   be  the 


i 
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current  f levying  in  the    conductor.    Consider  an  elemental  part  of 
the  flux  path  of  thickness         and  at  a  distance   A  from  the  center 
of  the  conductor.     Since  unit  length  is  considered,  the  cross  section 
of  this  path  is  ,  and  its  length  is  /^tTA  .     The  magnetomotive 

« 

force  is  .^tt-T  .     Then  the  flux  through  this  path  is. 

The  total  flux  out  to  any    point  at  a  distance  ^  from    the  center 
of  the  conductor  may  be  found  by  integration  between  the  limits 
and  3^  , 


X 


Curve  1  shows  graphically  the  variation  of  <p  with 

If  a  uniform  distribution  of  current  in  the  conductor  is 
assumed,  the  flux  inside  the  conductor  due  to  curre^it  in  itself  may 
be  found  as  follows.    Referring  to  Fig.S,  consider  the  elemental 
flux  path  of  thickness         at  a  distance    X  from  the  center  of  the 
conductor.     The  magnetomotive  force  tending  to  send  flux  through 
this  path  is  due  to  the  current  in  that  part  of  the  conductor  en- 
closed by    the  path.     If  ~1   is  the  total  current  in  the  conductor, 
the  current  effective  for  sending  flux  through  the  elemental  path 
is  -yi -t    ,  where  A*  is  the  radius  of  the  conductor.     The  length  of 
this  path  is   ^ttX    ,  and  for  unit  length  of  conductor,   its  cross 
section  is  ij^K  .  Then, 


^x 


Hence,   it  is  seen  that  the  fliix  in  a  conductor  due  to  the  current  in 
the  conductor  itself  is  equal  to  the  current  expressed  in  e.g. s. 
units.    Adding  equations  (1)  and  (2),  the  total  flux  per  unit  length 
of  conductor  out  to  a  distance  X  from  the  center  of  the  conductor 
is,  ^ 

Curve  2  shows  the  variation  of        with  ^  ¥men  the  flux  inside  the 
conductor  is  included. 

If,  then  we  have  two  parallel  conductors  as  shown  in  Fig. 4, 
at  a  distance        between  centers,  of  radii        and        ,  and  with 
currents        and        flowing  in  opposite  directions,  respectively, 
then  the  total  leakage  flux  will  be  the  sum  of  that  due  to  the  first 
conductor  and  that  due  to  the  second  conductor,  or, 

If  it  is  assumed  that  /T^/J    ,  and  T,  = -f^   ,  the  above  becomes  simply, 

Curve  3  shows  the  variation  of  ^  with  J/^  .  . 

In  order  that  we  may  determine  the  voltage  that  must  be 
impressed  upon  the  first  conductor  to  overcome  the  reactance  of  this 
leakage  flux  when  the  second  conductor  is  short-circuited,  it  is 
necessary  to  define  certain  quantities,  and  to  know  certain  relations 
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between  these  quantities.     The  inductance  of  a  conductor  is  defined 
as  the  number  of  interlinlcages  of  lines  of  force  with  it  for  unit 
current.     Inductance  will  be  denoted  by  the  symbol  A  ,  and,  accord- 
ing to  the  definition,  for  a  straight  conductor  ,  or  /-r'^ 
and,  (^^=l,c/-f 

Now,  electromotive  force  is  the  rate  of  cutting  lines  of  force,  or 

If  it  be  assumed  that    the  current  is  a  sine  wave,    T- -Z"^5:«J^  c^i^ 
and,  c;:/'r=  JToo  <i^^  c^^/c/t^ 

Then,  ir^c^c^:/-^-/- 


Whence  it  is    seen  that  ^  is  a  sine  wave  90  degrees  out  of  phase 
with  -r    ,  and  having  a  maximum  value  equal  to  Z^co  ,  or, 

If  both  sides  of  the  equation  be  divided  by  fE  ,  the  effective 
values  of  electromotive  force  and  current  are  obtained,  or, 

^Tr-fL  is  called  the  ohmio  inductance,  since  this  quantity,  denoted 
by  the  symbol   X  ,  may  be  expressed  in  ohms.     Then  v/e  have  ; 

or  a-  reactance  drop  as  a  product  of  ohms  and  amperes  corresponding 
to  a  resistance  drop.  The  expression  ^^^jr^cf  will  also  be 
useful . 

We  may  now  write    the  expression  for  the  leakage  voltage 
impressed  upon  the  first  conductor  per  centimeter  length: 


9r), 

If  it  is  assiOTed  that  the  current  in  the  second  conductor  ia  N  tines 
that  in  the  first,  or  ^  ^  A/-f^      ,and    r^=)fN/^     ,  equation  (6) 
becomes 


-6 


^tH^^-     ( 7) 


If  a/-  /  ,  this  reduces  to 


Thus  far  only  single  conductors  have  been  considered.  If 
these  two  conductors  are  bent  in  the  form  of  single  loops  of  equal 
radii  7^  ,  and  placed  as  shown  in  Fig. 7,  the  leakage  field  about 
the  conductors  will  be  practically  the  same  as  for  straight  conduct- 
ors; and  the  above  formula  (8)  multiplied  by  the  length  of  the 
conductor  in  centimeters,  which  if  the  loop  is  circular  is  ^tt^  , 
will  give  the  leakage  reactance  voltage.    For  simplicity  it  will  be 
considered  that  the  conductors  are  of  equal  size,  and  that  equal 
values  of  current  are  flowing  in  each.  Then, 

If  the  loops  are  arranged  us  shown  in  Fig. 8,  the  leakage 
reactance  will  be  practically  the  same  as  for  the  arrangement  shown 
in  Fig. 7,  provided  the  distance  is  fairly  large  in  comparison 

with        ,     If,  however,  the  distance  2^1^    is  small  in  comparison 
with^^  ,  then  the  stray  field  on  one  side  will  be  opposed  by  the 
field  on  the  other,  and  the  leakage  reactance  will,  therefore,  be 
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cut  down.    For  coils  of  a  single  turn,  placed  as  shown  in  Pigs.  7 
and  8,  and  assuming  the  leakage  flux  to  behave  in  the  same  way  as 
for  straight  conductors,  the  leakage  voltage  will  vary  directly  as 
the  mean  radius  of  the  coils, JZ>  being  maintained  constant. 

Instead    of  a  single  loop,  each  conductor  may  be  formed  into 
a  coil  of  a  number  of  turns.    Let  the  first  conductor  be  formed  into 
a  coil  as  shown  in  cross  section  in  Fig. 9,  and  which  will  be  called 
the  primary  coil.     The  effect  of  the  current  flowing  in  the  coil  is 
to  set  up  a  magnetic  field  similar  to     that  shown  in  Fig. 9.  A 
mathematical  solution  of  this  field  leads  to  very  complex  differ- 
ential equations,  and  as  the    solution  of  such  an  air  core  coil  is 
not  directly  applicable  to  the  leakage  flux  of  transformers,  it  will 
not  be  considered  here.     If  the  direction  and  intensity  of  the  field 
at  any  particular  point  due  to  such  a  coll  is  desired,  it  may  be 
found  graphically  as  follows.    Choose  a  point  O  ,  Fig. 10,  and  cal- 
culate the  field  intensity  at  this  point  due  to  each  conductor.  Then 
lay  it  off  to  some  convenient  scale  in  a  direction  at  right  angles 
to  the  line  joining  the  point  O  and  the    center  of  the  conductor 
to  which  this  intensity  is  due.     This  will    give  a  vector  for  each 
conductor,  and  the  resultant  of  these  vectors  is  the  resultant  field 
intensity  at  this  point  due  to  all  the  conductors.     The  fliox  density, 
or  intensity  of  a  field,  at  any  point  may  be  defined  as  the  number 
of  lines  of  force  per  unit  cross  section  at  that  point.  Denoting 
field  intensity  by  , 

whe  re  ^    is  the  elemental  cross  section  of  the  flux  path.    At  a 
distance  X  from  the  center  of  a  conductor,  ^ttX     ,  and 
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To  facilitate  in  drawing  the  vectors  through  O  ,  curve  4  is  plotted 


between^  and  A  ,  for  unit  current.     The  distance   X  is  scaled  on 
the  diagram,  and  the  corresponding  value  of        taken  from  the  curve. 
If  this  ordinate  is  multiplied  by  the  current  flowing  in  the  con- 
ductor, the  field  intensity  for  any  current  may    be  obtained.  It 
is  to  be  noted  that  there  is  decidedly  no  uniformity  as  regards  flux 
distribution  in  such  a  solenoid.     If  the  coil  is  made  up  of  more 
than  one  layer,  the  flux  density  at  any  point  may  be  found  graphical- 
ly as  above,  and  the  mathematical  solution  becomes  still  more  in- 
volved. 

For  some  purposes,  as  calculating  the  effective  reactive 
flux,  assumptions  may  be  made  in  rerard  to  the  shape  and  length  of 
the  elemental  flux  paths  for  coils  of  certain  proportions,  and 
approximate  solutions  of  comparatively  simple  forms  obtained,  uTiile 
the  results  obtained  from  such  approximations  may  be  quite  accurate 
for  coils  of  certain  proportions,  they  are  not,  in  general,  based 
on  any  facts  in  regard  to  the  flux  paths. 

To  illustrate  how  a  formula  may  be  derived  upon  some  assump- 
tions regarding  the  flux  paths,  the  following  is  given.     It  is  as- 
sumed that  the  path  taken  by  the  flux  beyond  the  end  of  the  coil  is 
equivalent  to  the  arc  of  a  circle,  as  shown  in  Fig. 11,  ending  in  the 
projected  surface  of  the  winding,  and  that  beyond  this  point  the 
reluctance  of  the  path  is  negligible.     Then,  to  find  the  value  of 
flux  in  the  differential  path  of  length  ( h -/-tt?^ )  ,   it  is  assumed 
that  the  cross  section  of  this  path,  which  really  increases  beyond 
the  end  of  the  coil,   is  constant  at  the  value  inside  the  coil,  or 
equal  to    ^ff  (1^—kJ  dp/x^     .     Then  the  expression  for  the  reluctance 
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of  thia  path  is  { f  TT ?<ij 


'ii/hence. 


and, 

For  coils  in  which  the  ratio  of  length  to  diameter  is  between 
1  and  5,  i.e.,  in  which  j2  <Z  ^  <^  /  ^  t  this  formiila  gives  values 
that  check  within  two  percent  with  those  calculated  by  a  formula 
proposed  by  Professor  Morgan  Brooks. 

The  second  conductor  may  be  formed  into  a  secondary  coil  of 

such  a  size  that  it  can  be  placed  over  the  primary  coil,  as  shown  in 

Fig. 12.     If  an  alternating  electromotive  force  be  impressed  upon  the 

primary  coil,  an  alternating  electromotive  force  180  degrees  out  of 

phase  with  it  will  be  induced  in  the  secondary  in  a  similar  way  as 

in  the  straight  conductor.     If  we  suppose  that  the  two  coils  coincide 

that  they  have  negligible  resistance,  and  that  there  is  the  same 

number  of  turns  in  each  coil,  then,  as  for  the  straight  conductors, 

there  is  no  magnetic  leakage,  and  the  electromotive  force  induced  in 

the  secondary  is  the  same  as  that  impressed  upon  the  primary.     If  the 

coils  are  not  of  the  same  number  of  turns,  then  evidently  the  voltage 

are  in  the  same  ratio  as  the  number  of  turns,  or         =        .     Since  it 

^  A/, 
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is  impossible  that  the  two  coils  occupy  the  same  space,  magnetic 
leakage  will  be  present,  i.e.,  there  will  be  lines  of  force  that 
encircle  and  cut  but  one  coil  or  portion  thereof,  and,  therefore, 
the  true  ratio  of  secondary  to  primary  voltage  will  be  less  than  the 
above  theoretical  ratio  by  an  amount  depending  upon  the  magnetic 
leakage.    Let  us  now  suppose  that  the  theoretical  condition  of  co- 
incident coils,  the  secondary  is  short-circuited.     Then  the  tendency 
of  the  secondary  to  set  up  flux  must  be  equal  to  the  tendency  of  the 
primary  to  set  up  flux,  or,  the  secondary  magnetomotive  force  must 
equal  the  primary  magnetomotive  force: 

and,  ^  =  ^ 

That  is,  the  theoretical  ratio  of  the  currents  in  the  coils  is  in- 
versely as  the  ratio  of  the  number  of  turns. 

With  the  secondary  short-circuited,  the  stray  field  will 
resemble  that  shown  in  Fig. 12.    Again,  the  same  difficulty  of  determ- 
ining the  stray  field  path  and  the  field  intensity  prevents  an  ac- 
curate determination  of  the  value  of  the  stray  flux. 

If  an  iron  core  be  inserted  in  the  coils,  then  the  reluctance 
of  the  magnetic  path  becomes  greatly  decreased,  lines  of  force  are 
set  up  with  greater  facility,  and  v;e  have  a  simple  transfomer.  In 
a  commercial  transformer  the  iron  path  is  continued  to  form  a  completi) 
magnetic  circuit  of  iron,  as  shown  in  Fig. 15,  thus  further  reducing 
the  reluctance  of  the  path.    Evidently,  as  the  reluctance  of  the  flux 
path  threading  the  two  coils  is  decreased,  the  magnetomotive  force 
required  to  set  up  a  certain  flux  is  decreased.     Decreasing  the 
reluctance  of  the  main  path  will  also  decrease  the  reluctance  of  the 
leakage  path  in  as  much  as  part  of  the  iron  circuit  is  common  to 
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both  paths.     But,  the  reluctance  of  the  leakage  path  will  not  be 
decreased  nearly  as  fast  as  that  of  the  main  path,  and  hence  not 
nearly  as  fast  as  the  magnetomotive  force.     Therefore,  decreasing 
the  reluctance  of  the  main  path  will  result  in  a  decrease  of  the 
leakage  flux,  other  conditions  being  constant. 

For  the  purpose  of  defining  and  explaining  the  coefficients 
of  self  and  mutual  induction,  and  the  coefficient  of  magnetic  leak- 
age, it  will  be  well  to  consider  the  effective  primary  and  secondary 
paths  and  the  leakage  path  as  magnetic  circuits  in  parallel.  Let 
these  paths  be  represented  as  in  Fig. 14,  where  /\  ^J?^  ,  y  and 

/^/^/^are  in  parallel.  Analogously  to  electric  circuits,  let  it 
be  assumed  that  there  is  a  difference  of  magnetic  potential  between 
A  andJ^  ,  30  that  magnetic  flux  will  be  set  up  in  the  three  paths. 
The  flux  will,  of  course,  divide  among  the  paths  inversely  as  their 
reluctances.  Let  y  ,  and  (/^j  denote  the  reluctances  of  the 
three  paths,  the  subscripts  referring  to  the  paths  indicated  in  the 
figure.    Let  «^  ,  and  yCi  ,  v/ith  proper  subscripts,  denote 


respectively  the  mean  length  of  the  path,  its  average  cross  section, 
and  the  permeability.  Then, 


Let  the  primary  coil  be  wound  around  the  part    CIP  >  a-nd  the  second- 


Then  the  flux  in  each  of  the  paths  will  be 


The  total  flux  is 


where    //P  is  the  reluctance  of  all  three  paths  in  parallel,  and 


Let         and         "be  the  number  of  turns  in  the  primary  and 
secondary  coils  respectively.    When  a  current  is  flowing    in  the 
primary,  a  magnetomotive  force  is  set  up  that  induces  flux.    All  of 
this  flux  passes  through  path    /   and  divides  at  /\   ,  part  of  it  go  in 
through  path  ^  ,  and  part  through  path  Denoting  by  the 

total  reluctance  of  this  path, 

Let  C?,(P^^(P,[A^^7^(P^CP^^7~ 
Then,       (/^^=  -t^^^J^ 
In  a  similar  manner, for  path  £  ^ 
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Suppose  a  current  -Y^  to  be  flowing  in  the  primary  coil.     Then  the 
flux  through  this  coil  due  to  this  current  is 

The  accent  is  used  to  indicate  the  current  to  which  the  flux  is  due. 
This  flux  divides  at  /\  into  two  parts  which  are  inversely  as  the 
reluctances  of  the  two  paths  ^  and  J  ,  or 

V/hence,  (^^ 
and  ff  ^ 


But,  cf^'^<fj-<f, 
Therefore,   (12)  becomes 
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and  (13)  becomes  ^ 


1/ 


Whence,  from  (14) 


and  from  (15) 


Substituting  for  in  equation  (17)  the  expression  given  in  (11), 
the  flux  through  the  secondary  due  to  the  primary  becomes 


Substituting  in  equation  (16)  the  expression  for  given  in  (11), 
the  flux  through  the  leakage  path  due  to  the  primary  becomes 


Similarly,  if  a  current   -Y^  flows  in  the  secondary,  the  flux 
through  the  secondary  due  to  this  curr-ent  is 

The  flux  through  the  primary  due  to     the  secondary  is 

^        .^TT^^^^lA^j  (^,) 

The  flux  through  the  leakage  path. due  to  the  secondary  is 

7^ 


^  1  ^^^^ 


The  primary  coefficient  of  self-induction  is  the  number  of 
interlinlcages  of  primary  turns  with  lines  of  force  set  up  by  unit 
current  in  the  primary,  or 


Similarly,  ^ 

Z,^-   

The  coefficient  of  mutual  induction, defined  as  the  number  of 
interlinkages  of  flux  due  to  unit  current  in  the  primary  with  second- 
ary turns,  is 

The  coefficient  of  mutual  induction,  defined  as  the  number  of  inter- 
linkages of  fliiK  due  to  unit  current  in    the  secondary  with  primary 
turns,  is 

Hence  it  is  seen  that,  since         and         are  equal,  we  need  speak  of 
only  the  coefficient  of  mutual  induction  /V  .     It  is  seen  that  the 
coefficient  of  mutual  induction  M  is  dependent  upon  the  reluctance 
of  the  leakage  path,  and  decreases  as  this  reluctance  decreases. 


(27) 


If  no  magnetic  leakage  exists,    (a^j=  oo    ,  and 


If  no  magnetic    leakage  exists, 

\Vlience,  it  is  seen  that  for  zero  magnetic  leakage, 
With  leakage, 

The  coefficient  of  magnetic  leakage  may  be  defined  as  the 
ratio  of  the  difference  between  /%   and         to  /% ,  or 

^-—^ir^^-^^'  ^  ^z;z^  ^^^^ 

Substituting  for         ,  ,  and  the  expressions  given  by- 

equations  (23),   (24),  and  (25)  respectively,    (52)  becomes 

The  total  flux  through  the  leakage  path  may  be  found  by 
adding  ^  and   ^   ,  as  given  by  equations  (19)  and  (22),  whence 

If  it  is  assumed  that  r,  and  /^-r^  are  equal  as  is  practically 
the  case. 


In  a  transformer  (P,   and         are  practically  equal,  and  if  assumed 
to  be  so,  equation  (35)  becomes 

From  this  equation  it  is  seen  that  the  leakage  flux  becomes  less  as 
the  reluctance  of  the  leakage  path  and  of  that  part  of  the  iron  path 
through  which  the  leakage  flux  passes  increases.     Since,   in  a  com- 
mercial transformer,  the  reluctance  of  the  iron  path  is  generally 
quite  small  as  compared  with  the  reluctance  of  the  leakage  path,  ^ 


may  be  neglected,  and 


If  then,  for  a  given  case,  we  may  determine  the  reluctance 
of  the  leakage  path,  the  value  of  leakage  flux  may  be  found.  Follow- 
ing will  be  given  the  derivations  of  formulae  for  the  calculation 
of  the  leakage  reactance  with  various  arrangements  of  the  coils. 
Since  many  approximations  and  assumptions  are,  great  refinements  in 
regard  to  some  of  the  physical  and  magnetic  characteristics  will  be 
ignored. 

First,  a  core  type  transformer,  with  a  primary  coil  outside 
a  secondary  coil  on  each  leg,  as  shovm  in  Fig,15,  will  be  considered. 
The  figure  shows  the  dimensions  that  the  symbols  used  stand  for. 
The  leakage  flux  will  be  considered  in  three  parts,  ,  , 

and  . 

=  Flux  passing  through  the  region  occupied  by  the 

primary  winding, 
=  Flux  passing  through  the  region  occupied  by  the 

secondary  winding. 
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-  Flixx  passing  between  the  coils. 
Since  the  effect  of        lines  encircling  ^  of  the  coil  is 
equivalent  to  the  effect  of  ^    lines  encircling  the  whole  coil  in 
producing  reactive  eloctromotive  force,        lines  encircling  -/^  of 
the  coil  will  be  considered  equal  to  ^    lines  encircling  the  whole 
coil . 

■Consider  the  secondary  coil.    The  fluK  z^?^ encircles  — -  of 
the  secondary  turns  ,  of  which  the  magnetomotive  force  is 

rr?.  rr?.  r.  =  .  ^tt^  t> 
The  length  of  the  elemental  path  which  the  flux  y/is  considered 
as  taking  is  approximately  f  the  path  through  the  iron 

being  neglected  because  of  the  very  much  lower  reluctance  of  the 
iron.     In  order  to  obtain  an  expression  that  will  be  less  complex 
when  integrated,  the  mean  length  of  this  flux  path,  which  is  f/y^sj 
will  be  taken  as  the  length  of  the  elemental  path.    Such  an  approx- 
imation is  consistent  with  other  assumptions.     If        is  the  inside 
radius  of  the  coil,  the  cross  section  of  the  elemental  flux  path  is 
^ttC^^xJ  .  Then 

But      if  cuts  only         turns.  Therefore, 


Consider  the  primary  coil.    The  flux         encircles  of 
the  primary  turns  A/    ,  of  which  the  magnetomotive  force  is 
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Again,  the  length  of  the  elemental  flux  path  is  taken  as  f , 
on  the  assiamption  that  the  reluctance  of  the  path  outside  the  coil 
is  negligible  due  to  the  infinite  area.     The  cross  section  of  this 
elemental  fliix  path  is    2  tt  ('/^y-^    /-/-^  ^J/JcJy»     Proceeding  as 
above,  the  following  is  obtained, 

Consider  the  space  between  the  coils.     The  magnetomotive 
force  impressed  across  this  space  is 

The  mean  length  of  the  flux  path  is  taken  as  ,  and 

the  cross  section  is  ^rrf'R-hCf-f^^J^  .  Then, 

The  sum  of          ,          ,  and  ^rr/  >  given  by  equations 

(39),   (38),  and  (40),  will  give  the  total  effective  leakage  flux, 

or,  since  A^-r^    is  practically  equal  to  i^  , 

If  rr?  is  small  in  comparison  with  ,  ,  '7^  ,  and  /y  ,  it  may  be 
neglected,  and  (41)  may  be  written 

Multiplying  (42)  by     ^rTT^A^     will  give  leakage  electromotive 

force  in  abvolts,  and  multiplying  by   /C~  reduces  it  to  volts,  or 
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If,  aa  is  usually  the  case,  there  is  a  primary  coil  of  /V^ 
turns  on  each  leg,  then  the  total  leakage  voltage  for  the  transformer 
with  the  coils  in  series  is  twice  the  value  given  by  (43);  or,  if 
^SZ^  is  the  total  number  of  primary  turns,  jS^^  ^  ,  and  (43) 

becomes 


,27r''/:scf-f,  r^a^j^/pi^^  ^^^^^^^  /^(i^^^),^  ^ 

Next  will  be  considered  a  shell  type  transformer,  with  the 
secondary  coil  between  two  primary  coils,  as  shown  in  Fig. 16.,  Again, 
lot  the  leakage  flux  be  taken  in  three  parts,  ,  ,  and    ^/-r?  • 

Consider  the  primary  coil   >^    .    Let  the  number  of  turns  in 

this  coil  be  -^^^  .    Then  the  number  of  turns  enclosed  by  the  flux 
X  a/ 

<^/^is  - — ,  of  which  the  magnetomotive  force  is 

m  n^-T-  ~  ~  ^—^  

The  reluctance  of  this  path  is 


Then, 


^'i/hence. 


Similarly,  for  the  coil  , 


I 


i 


i 
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But  and    ^    each  encircle  but  one  half  the  primary  coil,  and, 

therefore,  the  equivalent  flux  encircling  the  whole  coil  is  one  half 
of  these  values.     The  total  flux  in  the  primary  coil  is,  then,  the 
sum  of  these  equivalent  fluxes,  or 

^         /?    i  J  2/  — ^ — i  J- 

Consider  the  secondary  coil.     The  flux  is  assumed  to  take 
the  path  indicated.     The  length  of  this  path  is  ,  and    its  mean 

cross  section  is 

The  magnetomotive  force  tending  to  send  flux  through  this  path  is 


Then, 


and. 


liVhence, 


^      —  y  ^ 


Us) 


Consider  the  spaces  between  the  coils.     These  may  be  con- 
sidered as  two  paths  in  series,  the  total  length  of  which  Is  ^ h  , 
and  the  mean  cross  section  of  which  is    ^22Jll(^l  ^^1^^  .  Considering 
this  path  with  respect  to  the  secondary  coil,  the  magnetomotive 
force  tending  to  send  flux  through  it  is  taken  as  .-^^^/V^r?..  Then, 
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^rrf  =  .  /^"a4       m  (^^  7-:%y>  ^^^^ 

Adding  ,  ,  and  ,  as  given  by  equations  (47), 

(48),  and  (49),  the  total  effective  leakage  flux  is  obtained,  or 


Substituting  for    f  Z^o  -^^7' )      its  equivalent   2 CP  , 


Whence,  the  leakage  voltage  becomes 

Having  obtained  these  formulae  for  cylindrical  coils,  there 
will  be  considered  next  a  core  type  transformer  with  flat  coils, 
alternately  primary  and  secondary.     Let  the  coils  be  arranged  as 
shown  in  Fig. 17,  and  let  the  dimensions  for  v/hich  symbols  are  used 
be  represented  by  such  symbols  in  the  development.    Let         and  rf^ 
be  the  number  of  turns  in  each  primary  and  secondary  coil,  respect- 
ively.   Assume  the  leakage  flux  to  be  divided  into  three  parts,  as 
in  the  preceeding  derivation.    On  account  of  the  iron  from  A  to 
CB     across  the  end  coils,  the  flux  distribution  in  these  end  coils 
will  be  different  from  what  it  is  in  the  coils  on  the  middle  of  the 
leg.    For  these  coils  the  elemental  fluix  path  is  taken  as  shown, 
and  the  total  effective  flux  in  the  coil  obtained  by  integrating 
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If 
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from  the  line  C7^  across  the  coil.     The  flux  in  the  path  in- 

dicated encircles  ^  of  the  turns  r/^  ,  of  which  the  magnetomotive 
force  is  .  ^  < 

The  length  of  this  path  is  taken  as  /?  ,  and  the  mean  cross  section 
is  ^7r  '/$cp/y  .  Then, 

and. 


¥i/hence,  ,  ^'  '2? 

For  both  legs  there    are  four  such  end  coils,  and 

Consider  a  primary  coil  at  the  middle  of  the  leg.  The 


elemental  flux  path  is  assumed  to  be  as  indicated,  and  of  length 
The  line  ^ is  taken  as  an  axis,  and  the  total  effective  flux  in 
the  coil  obtained  by  integrating  from  this  axis  to  the  outside  of 
the  coil.    The  differential  flux  encircles  4^    of  the  turns 

of  which  the  magnetomotive  force  is 

The  mean  cross  section  of  the  path  is    ^irT^ e^x^       .  Then, 

and, 

V/hence,  ^,    /^/^^^  ^    ^  n>7> 


AC, 


If  there  are  9^  secondary  coils  on  both  legs,  then  there  are  f'^J-^) 
primary  coils,  exclusive  of  end  coils,  and 

C^-^)  ^^JF^  ^^^^ 
Similarly,  for  the  secondary  coils, 

and  for  coils, 

Consider  the  space  between  the  coils.     It  is  assmed  that 
the  equivalent  magnetomotive  force  impressed  upon  the  path  between 
the  coils,  of  length  h   and  of  mean  cross  section  ^yrl^m  ,  is  the 
mean  of  the  magnetomotive  forces  due  to  the  coils  on  either  side  of 
it,  or 

m.  Ar7        :  7/  ^^^^  .  -) 

Then, 

J^Arr  ^  

Since  there  are  £  9^  such  spaces. 

The  total  leakage  flux  is,  then,  the  sura  of  ,   ^  , 

and  ,  as  given  by  equations  (52),    (55),    (54),  and  (55),  or 


which  reduces  to 
But ,  ^ 

V/hence,  ^ 

Multiplying  equation  (56)  by         //?,    gives  the  leakage  ^^^^ 
electromotive  force  in  abvolts,  and  multiplying  by  Z^?"*^ reduces  it 
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to  volts.  Thus, 

Considering  a  shell  type  transformer  v^rith  flat  coils  arranged 
as  shown  in  Fig. 18,  we  may  proceed  in  the  same  manner  as  with  the 
core  type  transformer  with  coils  similarly  arranged,  and  arrive  at 
the  following  formula  for  the  leakage  potential  drop  in  volts. 


Conclusions  from  the  foregoing  theory  may  best  be  presented 
by  taking  up,   in  order,  the  straight  conductors,  the  air  core  coils, 
and  the  different  types  of  transfomers. 

The  logarithmic  variation  of  the  total  flux  with  the  distance 
out  from  the  conductor,  as  given  by  equation  (1),  is  sho?m  graphical- 
ly by  Curve  1,  /    and        being  taken  as  unity.     It  is  noted  that  the 
increase  of  flux  per  imit  distance  out  decreases  with  the  distance 
from  the  conductor,  as  would  be  expected  from  general  considerations. 
The  shaded  quadrant  at  the  origin  represents  simply  a  quarter  of  the 
cross  section  of  the  conductor.    Curve  2,  which  is  the  graph  of 
equation  (3),  is  similar  to  Curve  1,  differing  from  it  only  in  that 
to  each  ordinate  is  added  the  total  flux  in  the  conductor,  thus 
giving  the  total  flux  between  the  center  of  the  conductor  and  any 
point.    Curve  3  is  similar  to  Curve  2  except  that  the  ordinates  here 
measure  the  flux  passing  between  two  conductors  due  to  unit  current 
in  each,  flowing  in  opposite  directions.     Since  the  conductors  are 
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of  unit  radi-us,  the  minlraijin  distance  between  centers  is  2.  This 
distance  between  centers,  increasing  up  to  10,   is  the  abscissae  of 
the  curve.     It  is  noted  that  in  all  of  these  first  three  curves,  the 
variation  is  logarithmic,  and  the  rate  of  change  of  flux  with  respect 
to  distance  becomes  less  as  the  distance  increases. 

In  Curve  4  is  given  the  hyperbolic  relation  between  the  field 
intensity        and  the  distance  X  from  the  conductor.     This  curve  is 
used  as  a  convenience  in  drawing  the  vector  showing  the  resultant 
field  intensity  in  Pig. 10.     It  is  noted  that  after  a  value  of  X 
equal  to  14  is  reached,        is  quite  small;  negligible  for  all  pract- 
ical purposes. 

Equation  (10)  gives  relations  between  the  variables  in  an 
air  core  coil,  as  obtained  on  certain  assujnptions .    The  variation 
of  the  effective  reactive  flux  in  such  a  coil  with  the  radius  of  the 
coil  is  shown  graphically  in  Curve  5.    With  such  constants  as  vrere 
assumed,  the  curve  is  plotted  for  values  for  which  it  will  hold  with- 
in two  percent  as  previously  explained.     In  Curve  6  is  shov/n  the 
variation  of  the  effective  reactive  flux  in  such  a  coil  with  the 
length  of  the  coil.     It  is  noted  that  this  curve  a  little  different 
from  an  hyperbola,  as  it  would  be  if  the  flux  varied  inversely  as 
the  length.     This  curve  also  is  plotted  within  the  limits  between 
which  it  is  applicable  within  two  percent  with  the  assumed  constants. 

The  transformer  equations  vfill  be  taken  up  in  the  order  in 
which  they  were  derived.    Before  considering  them  separately,  however 
certain  points  that  apply  to  them  as  a  whole  will  be  discussed.  As 
has  been  said,  assumptions  were  made  in  regard  to  the  flux  paths  and 
their  characteristics,  which  v/ere  justified  by  the  fact  that  such 
assumptions  made  it  possible  to  obtain  a  solution  with  comparative 
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ease,  and  with  sufficient  accuracy  for  all  practical  purposes.  In 
view  of  this  fact  it  is  not  to  be  expected  that  the  equations  derived 
will  apply  directly  with  perfect  accuracy  to  commercial  transformers. 
It  is  thought,  however,  that  the  general  form  of  equation  as  derived 
will  so  apply,  i.e.,  that  the  variation  of  the  leakage  reactance 
with  the  variables  of  construction  will  be  as  indicated  by  these 
equations,  and  that  in  order  to  apply  them  to  given  types  of  trans- 
formers it  will    be  necessary  merely  to  multiply  them,  by  constants. 
No  attempt  has  been  made  to  determine  these  constants,  and, therefore , 
they  have  been  omitted  throughout  the  entire  paper,    ilention  is  made 
of  them  here  to  indicate  that  if  an  attempt  is  made  to  use  these 
equations,  proper  constants  must  be  supplied  before  accurate  results 
can  be  expected. 

The  curves  for  the  core  type  transformer  with  cylindrical 
coils  show  the  variation  of  leakage  voltage  with  certain  character- 
istic dimensions  of  the  machine.    Equation  (44)  may  not  be  used  to 
show  this  variation  in  the  case  of /7?   ,  the  distance  between  coils, 
for,  in  that  equation  it  is  assumed  that  m  is  so  small  as  to  be 
negligible  in  comparison  with  the  larger  dimensions,  as  is  the  case 
in  most  commercial  transformers.     Then,  to  obtain  the  variation  of 
leakage  voltage  with  distance  between  coils,  the  bracket  from  equa- 
tion (41),  which  includes  all  the  terras  In  m  ,  is  substituted  for 
the  bracket  in  equation  (44),  and  the  following  results: 

The  variation  of  with/r?  in  this  equation  is  shovm  by  Curve  7, 

constants  being  assi;imed  as  indicated  on  the  curve  sheet.     It  is 
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noted  that  the  variation  is  practically  rectilinear  up  to  values  of 
m   four  times  as  great  as  the  thickness  of  the  coils.     The  slope 
becomes  greater,  however,  as  the  value  of /r?  increases,  as  an  inspec- 
tion of  the  last  term  in  equation  (59)  will  show.     To  plot  the  varia- 
tion of  leakage  voltage  with  the  length  of  the  coils,  a  small  value 
fov/77  is  assumed  and  equation  (44)  used.    Curve  8  shows  this  varia- 
tion, constants  being  assumed  as  indicated  on  the  curve  sheet.    Curve  is 
9  and  10  show  the  variation  of  leakage  voltage  with  thickness  of 
secondary  and  v^ith  thickness  of  primary,  respectively.     It  is  noted 
that  the  two  curves  are  very  similar,  and  that  the  slope  of  each 
increases  slightly  with  the  thickness  of  the  coil. 


considered,  and  equation  (51)  derived.    An  inspection  of  equation 
(51)  shows  that  the  variations  of  leakage  voltage  with  distance  be- 
tween coils  and  thickness  of  coils  are  all  rectilinear.     To  shov/  this 
graphically.  Curves  11,  12,  and  13  are  plotted  between  leakage  volt- 
age and  distance  between  coils,  thickness  of  primary,  and  thickness 
of  secondary,  respectively,  constants  being  assumed  as  indicated  on 
the  curve  sheets.     Since  these  are  straight  line  variations,  it  is 
necessary  to  locate    only  two  points  in  order  to  draw  the  curve, 
which  explains  the  abbreviated  appearance  of  Tables  12  and  13. 


and  equation  (57)  derived  for  the  calculation  of  the  leakage  voltage. 
Equation  (57)  is  in  a  convenient  form  for  the  substitution  of  dimen- 
sional data,  but  in  order  to  show  the  variation  of  leakage  voltage 
with  different  factors  it  is  necessary  to  reduce  it  as  follows :- 


A  shell  type  transformer  with  cylindrical  coils  v/as  next 


Next  v;as  considered  a  core  type  transformer  with  flat  coils. 


(S7) 


i 
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Lot         be  the  total  number  of  primary  turns.  Then, 

Let  H  equal  the  total  length  of  all  the  coils  on  one  leg,  as  indi- 
cated in  Fig. 17.  Then, 


Further,  let 
Whence,   ^ 


and,  "  ^-/^^/^^^ 

Substituting  in  equation  (57)  the  above  expressions  for  r?,'^ , 
,  and        ,  it  becomes 


In  equation  (60),  now,  we  may  assume  constants  for  all  of  the  vari- 
ables but  one  on  the  right  hand  side,  and  plot  the  relation  between 
the  leakage  voltage  and  that  variable.    Curve  14  shov/s  the  relation 
between  the  leakage  voltage  and  the  number  of  coils,  the  values 
assumed  for  the  constants  being  as  indicated  on  the  curve  sheet.  It 
should  be  noted  that  while  the  curve  starts  with  a  value  of  ^  equal 
to  1,  there  can  be  no  physical  meaning  attached  to  values  of  'fj  less 
than  2,  since  ^  is  the  total  number  of  secondary  coils  on  both  legs 
With  the  data  assumed,  for  values  of  ^  less  than  6  the  coils  approaci 


so  nearly  a  cylindrical  shape  as  to  make  the  direction  of  the  curve 
doubtful;  the  true  position  for  these  lower  values  of  ^  probably 
being  slightly  below  the  position  indicated,  but  alv/ays  with  an  in- 
creasing negative  slope  as  ^  decreases.     The  curve  shows,  however, 
what  is  brought  out  by  experiment,  namely,  that  the  more  the  coils 
are  subdivided  and  interleaved,  the  less  the  leakage  potential  drop. 
In  Curve  15  is  shown    the  variation  of  leakage  voltage  v/ith  the 
distance  between  coils.     This  is  seen  to  be  rectilinear.     In  Curve 
16  is  shown  the  variation  of  leakage  voltage  with  the  ratio  of  the 
thickness  of  primary  coil  to  the  thickness  of  secondary  coil.  For 
the  higher  values  of  /<^  this  curve  becomes  almost  horizontal. 

For  the  shell  type  transformer  with  flat  coils,  equation  (58) 
may  be  reduced  in  a  sim.ilar  manner  as  was  (57),  and 


From  this.  Curves  17,  18,  8.nd  19  corresponding  to  14,  15,  and  16, 
respectively,  for  the  core  type  transformer,  may  be  plotted.  As 
should  be  expected,  it  is  seen  that  the  variations  of  the  leakage 
voltage  with  the  different  variables  are  similar  to  those  for  the 
core  type  transformer.     In  the  case  of  the  shell  type  transformer  it 
is,  of  course,  possible  to  have  a  value  of        equal  to  1,  but  for 
the  low  values  of  ^  the  same  discussion  applies  as  for  the  core 
type  transformer. 
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TABLE  1. 
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1 

2 

3 

4 

5 

6 

8 

10 

12 

16 

20 

0 

.138 

.219 

.277 

.321 

.358 

.415 

.46 

.49  6 

.554 

.59  8 

TABLE  2. 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

f 

.1 

.238 

.319 

.377 

.421 

.458 

.489 

.515 

.538 

.56 

I 


I 


TABLE  5. 


10 

20 

50 

40 

50 

344 

1332 

2740 

4600 

6790 
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TABLE  7. 


.05 

.10 

.20 

.40 

.60 

.80 

1.0 

2.0 

3.0 

4.0 

.0370 

.0408 

.0487 

.0646 

.0805 

.0965 

•  X  X  o  (C 

.1915 

.2705 

.350 

tablb:  10. 


.20 


.50 


1.0 


1.5 


2.0 


4.0 


6.0 


8.0 


10.0 


.0399 


.0483 


.0626 


.0771 


.0919 


.1525 


,2155 


.2805 


.2475 


TABLE  13. 


3 

1.0 

10,0 

.0461 

.1612 

TABLE  14 


1 

2 

5 

4 

6 

Q 

10 

15 

20 

4> 

2.565 

1.077 

.570 

.348 

.166 

.096 

.0825 

.028 

.016 

TABLE  16. 


.10 

.20 

.50 

1.0 

2.0 

5.0 

10.0 

4> 

.05 

.0523 

.0575 

.0622 

.0667 

.0689 

.0729 

I 


I 


TABLE  17. 


2.15 


.698 


.330 


.1912 


.0874 


.0502 


10 


.0328 


15 


.0156 


20 


.0094 


Quantitative  results  from  experimental  work  in  substantiation 
of  the  foregoing  theory  are  not  obtainable  with    apparatus  that  can 
be  readily  secured.     The  method  of  measuring  the  potential  drop  of 
the  transformer  is  comparatively  simple,  but  the  instruments  which 
one  might  consider  as  best  for  measuring  the  potential  drop,  e.g., 
the  static  voltmeter,  show  a  very  large  percent  error  in  the  small 
readings  common  in  this  work.    Definite  conclusions  of  quantitative 
value  may  not  be  reached,  but  in  the  discussion  that  follows  qualita- 
tive deductions  are  attempted. 

In  these  tests  the  leakage  of  lines  about  an  iron  circuit 
was  investigated  first,  then  an  investigation  of  the  leakage  between 
two  coils  on  the  same  iron  circuit  was  made.    Finally,  two  commercial 
transformers  were  used  in  the  determination  of  some  of  the  character- 
istics of  leakage  reactance  in  well  designed  transformers.     In  pre- 
senting these  tests  a  brief  description  of  the  apparatus  and  methods 
employed  will  be  given  first,  then  the  results  in  the  form  of  tabu- 
lated data  and  curves,  and  finally, 'the  conclusions  drawn  from  the 
experimental  work. 

The  majority  of  the  teste  were  made  on  the  Thordarson  trans- 
former, shown  in  Fig. 19.     Since  this  apparatus  was  intended  for  class 
room  demonstration  and  experimental  work,  its  design  provided  for 
easy  change  of  coils  by  having  four  separable  parts  in  the  magnetic 
circuit:  the  base,  two  legs,  and  the  yoke.     Dowel  pins  in  the  base 
and  yoke  were  placed  so  that  they  fitted  into  the  center  holes  in  the 
ends  of  the  legs,  thus  holding  the  legs  in  their  correct  relative 
position.     When  the  transformer  was  set  up,  careful  investigation 
showed  that  the  induced  voltage  on  no  part  of  the  iron  circuit  was 
noticeably  affected  by  any  difference  in  the  position  of  the  legs 
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so  long  as  they  were  centered  correctly  by  means  of  the  dowel  pins. 

Consideration  was  first  given  to  the  proportioning  of  a  con- 
centrated  winding  which  would  insure  saturation  of  the  iron  in  the 
preliminary  saturation  tests.     Two  such  test  coils  are  shovm  i«- on 
page  100.  The  square  coil, of  #9  wire,  vms  just  large  enough  to  be 
moved  along  either  leg.     The  diameter  of  the  corresponding  circular 
coil  was  slightly  greater  than  the  diagonal  of  the  square  leg.  The 
diameter  of  test  coil  #7,  of  #18  wire,  allowed  the  coil  to  traverse 
the  two  legs  and  yoke  without  stopping  at  the  corners,  while  the  dia- 
meter of  test  coil  #6,  of  #22  wire,  allowed  that  coil  to  be  used  only 
on  the  legs.     In  addition  to  these  bunched  windings,  a  series  of  cyl- 
indrical coils,  differing  only  in  diameter,  was  wound.     Each  coil 
j  was  6  3/4  inches  long,  corresponding  to  the  length  of  the  transformer 
I  leg;  each  consisted  of  a  single  layer  of  75  turns  of  #14  wire  togethei 
with  as  many  turns  of  #22  wire  wound  side  by  side  with  the  larger 
wire.     The  smaller  wire  was  brought  out  every  15  turns,  thereby  form- 
ing five  similar  test  coils  equally  spaced  along  the  entire  length  of 
the  cylindrical  coil.    The  diameters  of  the  cylindrical  coils  varied 
from  4  5/8  inches,   just  large  enough  to  permit  the  coil  to  be  slipped 
over  one  leg,  to  12  3/8  inches,  which  coil  when  centered  about  the 
leg,  reached  approximately  half  way  to  the  other  leg.     (See  Table  ) 
Throughout  the  testing,  constant  frequency  of  the  alternating 
current  supply  was  absolutely  necessary.    An  alternating  current 
generator,  belt  connected  to  a  direct  current  motor,  v;as  used  to 
obtain  the  impressed  voltage.    A  finely  divided  field  rheostat  for 


the  motor,  together  with  a  Biddle  frequency  meter,  enabled  the  opera- 
tor to  bring  the  frequency  to  60  cycles  at  the  time  that  an  observa- 
tion was  made.     In  the  daytime  the  direct  current  voltage  from  the 
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power  plant  varied  periodically  on  account  of  the  air-cornpreesor 
load.    A  motor- generator  set  gave  a  moro  constant  direct  current 
supply  for  the  direct  current  motor,  but  it  was  found  that  the  best 
scheme  was  to  work  at  night  when  voltage  fluctuations  were  slight. 

In  the  measurement  of  the  alternating  current  voltages,  e.g., 
the  voltage  impro£3sed  on  a  concentrated  winding,  calibrated  General 
Electric  and  Vifeston  voltmeters  were  employed,  v/hile  the  determination 
of  the  small  voltages  induced  in  the  separate  test  windings  on  the 
cylindrical  coils,  was  effected  by  the  measurement  of  voltage  v/aves 
photographed  with  a  G.  E.  oscillograph.     A  G.  E.  ammeter  and  the 
Biddle  frequency  meter  mentioned  above  were  employed. 

After  the  tests  with  the  coils  described  above,  general  tests 
were  run  on  two  1.5  K.W,  General  Electric  transformers,  core  type, 
120/240  -  1200/2400  volts. 

A  brief  description  of  each  test  will  shovf  hov;  the  apparatus 
just  described  was  used.    The  results  in  the  form  of  tabular  data 
and  curves  will  follow. 

One  of  the  concentrated  windings  was  connected  in  series  with 
an  ammeter  and  a  lamp  bank  to  the  alternating  current  supply,  and 
placed  at  the  bottom  of  one  leg  of  the  transformer.    A  search  coil, 
connected  to  a  voltmeter,  was  placed  next  the  primary  coil,  and 
search  coil  voltage  readings  were  taken  while  the  primary  current 
was  varied  by  steps  from  a  low  value  to  a  value  giving  saturation. 
The  search  coil  v/as  shifted  to  various  positions  on  each  leg,  and  a 
saturation  curve  run  for  each  position,  the  result  being  a  series  of 
saturation  curves  shown  on  Curve  Sheet  20,  and  data  in  Table  20. 

Next,  circular  coil  #3  was  placed  at  the  center  of  the  leg, 
and  constant  voltage  impressed  upon  it,  vfhile  a  search  coil  v/as  moved 
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along  the  yoke  and  two  lege  and  readings  of  the  induced  voltage 
recorded.     The  distances  of  the  test  coi]  were  measured  along  the 
center  line  of  the  iron  circuit  from  the  bottom  of  the  leg  on  which 
the  primary  coil  was  placed.     The  results  are  given  in  Table  21,  on 
Curve  Sheet  21,  and  in  Fig. 22.    V/ith  another  coil  as  primary  at  the 
bottom  of  the  leg,  and  another  search  coil,  the  test  just  described 
was  repeated.     The  results  are  given  in  Table  22,  Curve  Sheet  21, 
and  Fig. 22. 

In  the  next  set  of  tests  #3  was  retained  as  the  prim.ary  coil 
at  the  bottom  of  one  leg,  while  another  concentrated  winding  very 
similar  to  #3  was  placed  on  the  other  leg,  at  the  bottom,  middle, 
and  top,  in  turn,  as  a  short-circuited  secondary.    For  each  position 
of  the  secondary,  the  search  coil  voltages  and  positions  about  the 
iron  circuit  were  recorded.     The  results  are  given  in  Table  24,  Curve 
Sheet  22,  and  Figures  23,   24,  and  25. 

The  cylindrical  coils  were  used  in  the  next  set.     (See  Fig. 
20.)    Tv/o  coils  on  one  leg  were  connected  in  series  so  that  their 
magnetomotive  forces  were  in  opposition.     Vi/hile  a  constant  current 
of  10  amperes  was  maintained,  a  record  of  the  impressed  voltage, 
of  the  induced  voltage  in  each  little  test  coil  and  in  the  five  coils 
in  series,  was  made  by  means  of  a  calibrated  General  Electric  volt- 
meter and  a  General  Electric  Oscillograph,     The  six  coils  were  con- 
nected in  every  combination  of  tv/o  except  #4  and  #5,  which  coils 
were  too  nearly  of  the  same  diameter  to  fit  together  loosely.  For 
every  combination  a  part  of  a  film  was  used  in  making  photographs 
of  the  voltage  waves  mentioned  before.    Next,  several  combinations 
of  the  coils  were  tested  wherein  the  coils  were  on  opposite  legs. 
The  results  are  given  in  Tables  30,  31,  and  32. 
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It  will  be  explained  here  how  the  values  of  E  were  obtained, 
and  how  these  values,  used  in  showing  the  variation  of  leakage  be- 
tween coilo,  were  calculated  from  the  oscillograph  records.  Sample 
oscillograph  records  are  shown  on  page  101.  The  large  curve  (marked 
B  )  shows  the  voltage  across  both  coils,  the  little  waves  (  l.z,  5,  M,  5"^  ) 
are  from  each  of  the  small  test  coils,  and  the  larger  wave  ( 5 ) 
represents  the  voltage  of  the  five  test  coils  in  series.     Since  the 
voltage  across  both  coils,  as  indicated  by  a  calibrated  voltmeter, 
was  recorded  when  the  first  curve  (  B )  was  taken,  curve  B  serves 
as  a  calibration  curve.    Between  the  time  of  taking  any  two  curves 
the  voltage  was  raised  just  enough  to  overcome  the  additional  resist- 
ance due  to  the  heating  of  the  coils  and  to  hold  the  current  constant 
at  10  amperes. 

The  leakage  flux  cutting  a  test  coil  is  strictly  proportional 
to  the  voltage  induced  in  that  coil.     In  the  following  discussion  the 
behavior  of  the  leakage  flux  between  two  cylindrical  coils  is  illus- 
trated in  Fig. 21,  then  the  method  is  shown  by  which  the  voltages 
induced  in  the  test  coils  may  be  used  to  gain  a  fairly  definite  idea 
of  the  variation  in  leakage  flux  as  the  diameter  of  the  outside  coil 
is  increased. 

Let  Fig. 21  represent  two  of  the  cylindrical  coils  with  the 
flux  tendencies  that  exist  when  the  coils    are  connected  so  that  they 
oppose  each  other  magnetically.     The  flux   A  set  up  by  coil  P  divide 
into  useful  flux  E.  that  would  interlink  with  coil  5  ,  and  leakage 
flux  B  that  passes  between  the  coils.     In  the  same  way  the  flux  D 
of  coil   5  divides  into  useful  flux  F    and  leakage  flux  C  ,  Then 
the  total  leakage  flux  is  B+-C    ,  and  the  problem  in  hand  is  to 
measure  that  flux,  or  show  its  rate  of  varis-tion.     During  each  cycle 
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the  magnetic  stress  about  each  coil  is  reversed  twice,  or,  as  is 
more  commonly  said,  the  flux  circles  shrink,  cutting  the  conductors 
which  they  may  encircle.     Since  these  coils  are  in  series,  the  flux 
variations  in  both  will  occur  simultaneously.     The  flux  cutting  the 
search  coils  on  P  will  be  the  resultant  of  A    and   F  ;  since  they 
are  opposed,  the  resultant  electromotive  force  v/ill  be  proportional 
to   A-F  .     In  like  manner    D  -  E.    will  determine  the  voltage  induced 
in  the  5    search  coils.    But  A  has  been  represented  as  dividing  into 
B  and  E.  .    Then  the  P   induced  voltage  will  be  proportional  to 
D  +  E:  -  F       •    By  further  reference  to  Fig. 21  it  is  evident  that 
D=  C     F    >  and  that  the  5   voltage  will  depend  on  C  -f-  F  -  E  .  As 
has  been  stated,  it  is  desired  to  find  the  rate  of  variation  in  the 
leakage  flux  B+-C  ;  and  these  equations  show  the  method.     If  the 
two  induced  voltages  be  added  the  result  villi  be  proportional  to 
fc-t-E-F)  +  (C  -h  F  -  E.^  ,  or  to  B  -hC  .     Then  the  sxm  of  the 

two  voltages  induced  for  any  one  combination  will  be  proportional  to 
the  leakage  flux  between  the  two  coils.    For  every  combination  of  the 
series  of  six  coils,  the  induced  voltage  of  the  five  search  coils  in 
series  on  each  cylindrical  coil  was  obtained  from  the  oscillograph 
data,  and  the  induced  voltages  of  the  two  sets  of  search  coils  added 
to  give  what  may  be  called  the  leakage  voltage  for  each  pair  of  test 
coils.     (See  Table  30).    Coil  #1  was  taken  first  as  the  inner  coil. 
The  leakage  voltage  of  coil  #1  with  each  of  the  other  five  coils  was 
made  the  ordinate  of  a  series  of  points  of  which  the  abscissae  were 
values  of        ,  where  m  was  the  distance  between  the  two  coils  in 
centimeters.    Coil  #2  was  next  used  with  each  coil  of  larger  diameter 
and  so  on  up  the  series,  each  of  the  five  smaller  coils  acting  as  the 
smaller  coil  in  a  pair.     One  of  these  E-rvi  curves  is  shown  on  Curve 
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Sheet  23,  while  all  of  these  curves  are  assembled  on  Curve  Sheet  24. 
A  second,  set  of  curves  was  plotted  with  the  area  between  coils,  equal 
to  p »n   where  p    is  the  mean  circumference,  as  abscissae,  and  the 
leakage  voltages  as  ordinates.    The  data  for  this  work  is  given  in 
Tables  29  and  50,  one    E.-pm    curve  is  shown  on  Curve  Sheet  25,  and 
all  of  them  are  assembled  on  Curve  Sheet  26. 

The  variation  of  leakage  along  the  cylindrical  coils  was 
indicated  by  the  variation  in  the  voltages  induced  in  the  search  coil 
vround  on  the  cylindrical  coils.     The  data  is  shown  in  Tables  SI  and 
32,  and  the  results  are  shown  graphically  on  Curve  Sheets  27  and  28. 

After  the  tests  with  the  oscillograph,  the  two  transformers 
were  conjnected  with  their  high  tension  sides  together.     The  low  ten- 
sion side  of  one  transformer  was  connected  to  a  110  volt  supply,  and 
the  low  tension  side  of  the  other  transformer  supplied  with  a  non- 
inductive  load.     Readings  of  supply  voltage  and  current  and  load 
voltage  and  current  were  taken  for  every  step  in  the  variation  from 
no  load  to  a  slight  overload  on  the  transformers.    A  second  test  was 
run  on  one  of  the  transformers  wherein  the  low  tension  windings  were 
short-circuited  through  an  ammeter  and  the  voltage  impressed  on  the 
high  tension  side  was  varied  from  about  40  volts  up  to  a  voltage 
giving  full  load  current  through  the  ammeter.    Prom  the  data  taken 
a.  curve  was  plotted  between  impressed  voltage  and  short-circuit  cur- 
rent. 

As  was  stated  before,  the  conclusions  from  the  experimental 
work  are  of  a  qualitative  nature.     They  deal  with  rate  of  change  in 
fluK  leakage  along  the  magnetic  circuit,  with  effect  on  this  leakage 
of  the  position  of  primary  and  secondary,  especially  when  the  second- 
ary is  short-circuited,  and  with  the  variation  of  leakage  reactance 
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with  load  curront  of  a  commercial  transformer. 

The  leakage  of  flux,  along  the  legs  and  yoke  of  a  transformer 
is  uniform,  giving  a  rectilinear  variation  of  induced  voltage  v/ith 
distance    from  the  center  of  tho  concentrated  winding  measured  along 
the  mean  iron  path.    An  air  gap  shows  a  slightly  greater  leakage,  but 
the  variation  along  the  iron  circuit  is  unchanged  in  the  vicinity  of 
the  air  gap.     (See  Curve  Sheet  21).     This  means  that  the  leakage  at 
the  comers  is  not  noticeably  greater  than  midway  between  the  legs 
or  between  the  yoke  and  base.     The  flux  distribution  may  be  represent- 
ed by  Fig. 22. 

V/ith  the  secondary  short-circuited  on  the  other  leg,  the 
leakage  along  the  leg  on  which  the  primary  is  located  is  greater  than 
the  leakage  from  the  yoke.     Since  there  is  no  resultant  flux  through 
the  short-circuited  secondary,  when  the  secondary  is  at  the  bottom  of 
the  opposite  leg  the  flixx.  takes  the  path  shown  in  Fig. 23.    Part  of 
the  flux  escaping  from  the  top  section  ( A  B  )  of  one  leg  re-enters 
the  yoke  section  ( 13  C  )  adjacent  to  that  leg,  causing  a  slightly 
smaller  drop  in  induced  voltage  from   B  to  C   than  in  any  equal  sec- 
tion of  the  yoke.    With  the  secondary  at  the  center  of  the  leg  the 
flux  takes  the  course  shown  in  Fig. 24.     The  leakage  is  increased 
uniformly  along  the  whole  length  of  the  yoke  by  moving  the  secondary 
up  the  leg.     The  secondary  at  the  top  of  the  leg  further  increases 
the  leakage  from  the  yoke.     The  path  of  the  flux  is  shown  in  Fig. 25. 

The  leakage  from  cylindrical  coils  is  minimum  at  the  center 
of  the  coil,  increasing  toward  either  end  as  indicated  in  Fig. 26, 
and  on  Curve  Sheet  27  and  28.    The  leakage  flux  increases  as  the 
distance  between  two  coils  on  one  leg  is  increased,  and  when  the 
coils  are  on  opposite  legs  the  leakage  in  a  coil     increases  as  the 
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diameter  of  the  coil  Increases.     Greater  area  between  two  coils,  or 
between  a  coil  and  the  iron  core,  provides  a  larger  region  for  leak- 
age fluK,  and  therefore  ca-uses  a  larger  part  of  the  total  flm:  to 
become  leakage  fliix. 

Dr.  Gustav  Benischke,  a  German  investigator,  has  shovm  the 
variation  of  leakage  reactance  for  various  arrangements  of  round 
coils  on  a  specially  designed  core  type  transformer,  1.0  K.V.A., 
110  /  110  volts,  for  loads  of  different  power  factors.     The  arrange- 
ment of  coils  is  shown  in  Figures  28,  29,  and  30,  where  the  coils 
are  actually  alike,  the  longer  and  shorter  lines  being  used  to  desig- 
nate prim.ary  and  secondary  coils,  respectively.     The  results  of  the 
tests  are  shown  on  Curve  Sheet  30  and  31. 

The  voltage-current  curve  (Curve  Sheet  29)  obtained  from  the 
test  on  the  two  core  type  transformers  v/ith  cylindrical  coils,  men- 
tioned before,   is  rectilinear.     The  curve  showing  the  variation  of 
IR  drop  with  I  is  rectilinear,  starting  at  the  origin.     Then  the 
vectoria.1  subtraction  of  the  IR  drop  from  each  voltage  corresponding 
to  that  current  leaves  a  rectilinear  variation  of  reactance  drop  with 
current.    Consequently,  the  leakage  reactance  of  commercial  trans- 
formers is  independent  of  the  load  current,  when  the  power  factor  is 
unity.    For  power  factors  other  than  unity,  the  E  -  I  curves  are 
almost  rectilinear,  and  the  reactance  increases  very  slightly  with 
increasing  load  current. 

The  variation  of  impressed  voltage,  vrtiich  is  practically  all 
consumed  in  reactance  drop,  with  current  on  short-circuit  is  recti- 
linear except  for  very  lov/  values  of  impressed  voltage.     Since  the 
normal  voltage  of  the  high  tension  winding  in  the  General  Electric 
transformer  tested  is  2200  volts,  if  there  is  an  electromotive  force 


of  but  20  volts  impressed,  there  is  but  20/2200  or  about  one  percent 
normal  magnetomotive  force  being  applied  to  the  core.     At  such  a  low- 
magnetization  the  induction  is  very  small.     (Cf .  a  saturation  curve 
for  transformer  iron.)    For  a  very  small  increase  in  magnetizing 
force  the  increase  in  C£>  ?/ill  be  large.     V/hen  E  =  50  volts  the  vari- 
ation of  E  with  I  becomes  rectilinear,  as  shown  on  Curve  Sheet  29. 
If  the  values  of  I  were  increased  beyond  15  amperes,  the  values  of 
E  would  be  increased  less  rapidly  since  the  core  would  be  nearing 
saturation.     Over  the  range  of  normal  operation  the  variation  of  E 
with  I  is  rectilinear,  i.e.,  the  leakage  reactance  of  a  well  designe 
commercial  transformer,  with  negligible  resistance,   is  independent 
of  the  load  current . 
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TABLE  21. 
Primary  at  bottom  of  leg. 
Induced  E  from  Curve  Sheet  20 
at  40  amperes  primary  current, 


TABLE  22. 
#3  primary  at  middle  of  leg. 
Primary  E  constant  at  56  volts. 
Distance- Inches .    E  Induced. 


Distance- inches . 

E  Induced. 

.2 

55.2 
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3.4 

55.6 

2.3 
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6.8 
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TABLE  23. 


Primary  at  bottom  of  leg.      Primary  E  constant  at  72  volts. 


Location  of  Search  Coil. 

Distance- inches . 

E  Induced. 

Bottom  of  same  leg 

.2 

138. 

1/4  way  up  same  leg 

1.7 

136.2 

1/2  way  up  sajae  leg 

3.4 

133.9 

3/4  way  up  same  leg 

5.1 

131.8 

Top  of  same  leg 

6.8 

130. 

Left  end  of  yoke 

9.2 

126. 

1/4  across  yoke 

11.7 
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1/2  across  yoke 

14.3 

124.1 

3/4  across  yoke 

16.8 

123.9 

Right  end  of  yoke 

19.4 

122. 

Left  end  of  yoke 

9.2 

126. 

1/2  across  yoke 

14.3 

125. 

Right  end  of  yoke 

19.4 

122. 

1/2  across  yoke 

14.3 

124.6 

Top  of  opposite  leg 

21.8 

118. 

1/4  down  opposite  leg 

23.5 

lis. 

1/2  down  opposite  leg 

25.2 

118.6 

3/4  down  opposite  leg 

26.9 

119  . 

Bottom  of  opposite  leg 

28.6 

118.2 

1^ Tnduomdl    Voltc>cje    in    noqt'oK  coil. 

I-';.: : 


Curve  SV^cts^  ^2.. 

Coil  V^\fac^^S  ior 

5ho»-t  Cirout  +  eiij  SocoVxctiary  flt 


Distance- inches . 

.2 
3,4 

6.8 

9.2 
11.7 
14.3 

16.8 
19  .4 
20.6 
21.8 
25.2 
28.6 


TABLE  24. 

E  Induced  in  Search  Coil. 
Secondary  at  B.      At  M.      At  T 
52. 


54.9 
52.9 
41.4 
38.4 
33.4 
28.4 
24.9 
21.2 
17.5 
1 

4. 


52.2 
54.9 
52.2 
40.1 
36. 
30.4 
24.4 
20.2 
15.6 
11.4 

4. 
10.6 


52.6 
54.6 
51.8 
39  .2 
35.8 
29  .4 
23.6 
17.9 
14.3 

8. 
12. 
16.5 
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TABLE  25. 


Coil. 

D  iame  t  e  r- inc  he  B 

Diameter- 

cm. 

Radius-cm. 

#1 

4.625 

11. 

74 

5. 

87 

#2 

5.375 

13. 

64 

6. 

82 

#3 

5.875 

14. 

92 

7. 

46 

#4 

6.875 

17. 

46 

8.73 

#5 

7.625. 

19. 

38 

9.69 

#6 

12.375 

31.40 

15.70 

TABLE  26. 

Average  radius  in  centimeters. 

Coils . 

#1  #2 

#3 

#4 

#6 

#1 

5.87  6.40 

6.67 

7.30 

7»  78 

10.79 

#2 

6.82 

7.14 

7.78 

8. 26 

11.26 

#3 

7.46 

8.10 

8.  58 

±Jl»UO 

#4 

8.73 

9 . 21 

12.22 

#5 

9.69 

12.70 

#6 

15.70 

TABLE  27. 

in  centiraeters  = 

average 

radius . 

Coils . 

#1  #2 

#3 

#4 

#5 

#6 

#1 

36.9  40.2 

41.9 

45.9 

48.9 

67,8 

42.8 

44.8 

48.9 

51.9 

70.6 

#3 

46.9 

50.8 

53.9 

72.7 

#4 

54.8 

57.8 

76.8 

#5 

60.9 

79  .7 

#6  98.6 


TABLE  29. 
pm    in  centimeters^. 


Coils , 

#1 

#2 

#3 

#4 

#5 

#6 

#1 

0 

38.2 

66.6 

131.2 

186.7 

667.0 

#2 

0 

28.7 

93.5 

149.0 

626. 

#3 

0 

64.5 

120.2 

599. 

#4 

0 

55.  5 

5  3  5  • 

#5 

0 

479. 

#6 

0 

TABLE  30. 
E  (leakage)  observed. 

Coils.        #1               #2               #3  #4  #6 

#1              —              3.30            3.54  3.19  3.23  6.05 

#2                                —              0.479  1.244  1.761  5.75 

#3                                                    —  0.S45  1.381  5.65 

#4  —  —  4.77 

#5  4.44 
#6 


Curve   5he»t  dl 


Tv  ot  Coil  Voita(|es  OY\  L  v^livulrioul 
Colli   in   series  '=j>^o»it1'ji  on  -itim^  Iccj 


TABLE  31. 


Pair  of  Cyl. 

Cylindrical 

Test  Coil 

Voltages 

• 

Coils . 

Coil. 

1 

2 

3 

4 

5 

#1  and  #2 

#1 

.278 

.251 

.28 

.325 

.304 

If 

#2 

.37 

.389 

.403 

.389 

.397 

#1  and  #6 

#1 

.216 

.259 

.254 

.259 

.138 

ft 

#6 

.96 

1.016 

1.055 

1.079 

1.005 

#3  and  #6 

#3 

.425 

.43 

.465 

.501 

.285 

#6 

.734 

.791 

.845 

.909 

.82 

#5  and  #6 

#5 

.402 

.456 

.462 

.462 

.384 

tt 

#6 

.517 

.555 

.559 

.606 

.517 

TABLE  32. 
Pair  of  Cyl.  Cylindrical 


Coils . 

Coil. 

1 

#1  and  #6 

#1 

1.939 

II 

#6 

3.565 

#2  and  #4 

#2 

2.635 

n 

#4 

2.765 

#2  and  #6 

#2 

2.52 

II 

#6 

2.86 

#5  and  #6 

#5 

2.73 

It 

#6 

2.82 

Test  Coil  Voltages. 


2 

3 

4 

2.072 

1.991 

1.991 

3.701 

3 . 875 

3.875 

2.92 

2.96 

2.93 

2.98 

3.05 

3.00 

2.735 

2.83 

2.78 

3.16 

3  •  22 

3.2 

2.9 

2.9 

2.91 

3.06 

3.12 

3.12 

K  « t»  o  t  n  r\ce' '  ©j||<  4' 
(or  1rw6  ^'G,:^lljT!^, 

'  :  n 


TABLE  35. 
Load  Test. 


TABLE  34. 
Short-circuit  Test. 


E' 

E" 

I' 

I" 

E»-E" 

E' 

I" 

110. 

110.1 

2.0 

0 

-.1 

9  7.5 

14.2 

109.5 

109. 

2.0 

1.0 

.5 

109  . 5 

109. 

3.0 

2.0 

.5 

96.1 

14,2 

109  . 

108. 

3.5 

2.5 

1.0 

109, 

107.2 

4.5 

Q 

1.8 

94. 

13.9 

109  - 

107<. 

5.5 

5.0 

2.0 

108.9 

106. 

6.7 

6.0 

2.9 

91.5 

13.6 

108.5 

105.2 

7.2 

6.8 

3.3 

110.5 

107. 

8.4 

8.0 

88. 

13. 

108.2 

104.2 

9.3 

8.8 

4.0 

108. 

103.6 

10.07 

9.8 

4.4 

85. 

12.4 

108. 

103.4 

11.2 

10.8 

.  4.6 

107. 

102.5 

11.8 

11.4 

'  4.5 

75. 

10.9 

108. 

102. 

12.6 

12.4 

6.0 

107.8 

101.6 

13.6 

13.15 

6.2 

64. 

9.4 

107.9 

101.5 

14.5 

14.15 

6.4 

107.4 

100.9 

15.1 

14.7 

6.5 

57. 

8.5 

106.7 

99  .5 

15.9 

15.6 

7.2 

49. 

7.4 

38. 

5.8 

95. 


96. 


I 

! 

i 


\ 

\ 

\ 

1 

—I 

■) 

I 

\ 

Fic^.  25. 
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The  subject  with  which  this  paper  deals  is  far  too  large  for 
the  space  that  has  been  given  to  it.     It  has  been  possible  only  to 
touch  upon  sorae  of  the  most  important  points,  and  in  order  to  bring 
the  discussion  to  a  proper  conclusion,  these  will  be  reviewed,  and 
comparisons  made  between  theoretical  and  experimental  results. 

In  the  introduction  the  importance  of  regulation  in  the  case 
of  small  constant  potential  transformers  was  emphasized.     It  should 
not  be  overlooked,  however,  that  there  are  conditions  of  operation 
other  than  that  of  the  isolated  constant  potential  transformer  that 
demand  good  regulation.     One  of  the  most  important  of  these  is  the 
operation  of  transformers  in  parallel.     The  successful  operation  of 
any  machines  in  parallel  demands  that  they  divide  the  load  equally. 
In  the  case  of  transformers  this  means  that  at  all  loads  the  voltages 
of  the  two  machines  must  be  equal.     It  is  possible  to  obtain  a  number 
of  transformers  with  the  same  voltage  at  no  load.     As  the  load  com.es 
on,  however,  the  voltages  of  these  machines  ¥/ill  not  remain  constant 
unless  their  regulation  is  the  sam.e ,     As  this  regulation  is  very 
largely  dependent  upon  the  leakage  reactance  of  the  transformer,  the 
importance  of  a  knowledge  of  this  reactance  in  the  design  of  trans- 
formers for  parallel  operation  is  apparent. 

The  discuaaion  concerning  the  flux  about  straight  conductors 
is  of  a  rather  fundamental  nature,  and  quite  general.     One  point 
brought  out  in  the  discussion  of  straight  conductors,  however,  should 
be  mentioned  here.     If  an  electromotive  force  is  impressed  upon  one 
of  two  adjacent  conductors  of  negligible  resistance,  and  the  other 
conductor  is  short-circuited  there  will  be  no  resultant  field  cutting 
the  short-circuited  conductor.     If,  however,   there  is  an  elec tromoti/ 
force  across  the  second  conductor,  there  will  be  a  stray  field  around 
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each  conductor.    No  matter  what  the  current  in  the  second  conductor 
may  be,  the  electromotive  force  induced  in  it  can  never  be  equ^l  to 
that  impressed  upon  the  first.     It    v;as  shown  that  the  variation  of 
the  total  flux  betwoon  the  surface  of  a  round  conductor  and  any  point 
outside  of  the  conductor  is  logarithmic;  that  the  total  flux  inside 
a  round  conductor  due  to  the  current  in  the  conductor  itself  is,  on 
the  assumption  of  uniform  current  distribution,   independent  of  the 
size  of  the  conductor,  and  equal  numerically  to  the  value  of  current 
expressed  in  c.g.s.  units.     The  leakage  reactance  between  tvio  conduct 
ors  is  dependent  not  only  upon  the  distance  between  them,  but  also 
upon  their  diameters. 

When  the  two  conductors  are  formed  into  coils,   the  matter  of 
determining  m.athematically  the  leakage  reactance  becomes  very  complex 
The  matter  of  obtaining  graphically  the  magnitude  and  direction  of 
the  field  intensity  at  any  point,  however,   is  made  comparatively 
simple  by  the  knowledge  that  the  component  due  to  any  conductor  is 
at  right  angles  to  the  line  joining  the  point  and  the  center  of  the 
conductor,  and  in  magnitude  is  inversely  proportional  to  the  distance 
from  the  center  of  the  conductor.    Not  all  of  the  flux  in  a  solenoid 
passes  through  the  entire  length  of  the  coil,  but  part  leaks  out 
through  the  windings  along  this  entire  length  in  such  a  way  that  the 
flux  is  a  maximum  across  a  right  section  at  the  middle  of  the  coil. 
In  spite  of  the  difficulty  of  exact  mathematical  solution,   it  is 
possible,  by  making  certain  assvimptions  in  regard  to  the  flux  path, 
to  obtain  formulae  of  some  practical  utility  for  the  calculation  of 
the  effective  reactive  flixx  in  an  air  core  coil.     If  two  coils  are 
placed  one  inside  the  other  and  an  electromotive  force  impresned  upon 
the  primary,  there  will    be,  as  in  the  case  of  straight  conductors. 
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a  primary  and  a  secondary  stray  field,  provided  a  current  is  allov/ed 
to  flow  in  the  secondary  and  the  potential  across  it  is  not  made  zero 
by  short-circuiting.     If  the  secondary  is  short-circuited,  the  pri- 
mary field  is  increased  by  an  amount  necessary  to  destroy  the  second- 
ary stray  field,  and  this  becomes  zero. 

The  introduction  of  an  iron  core  into  the  two  air  core  coils 
forms  a  simple  transformer,  and  with  this  addition  the  exact  solution 
of  the  leakage  fluK  becomes  still  more  complex..    In  such  a  transform- 
er there  may  be  said  to  be  three  flux  paths,  which  may  be  treated  as 
three  magnetic  circuits  in  parallel;  the  primary,  the  secondary,  and 
the  leakage,  path.    From  such  a  considersLtion,  expressions  defining 
the  coefficients  of  primary  and  secondary  self-induction,  of  mutual 
induction,  and  of  magnetic  leakage  may  be  obtained.     From  these  ex- 
pressions it  is  seen  that  the  coefficient  of  mutual  induction,  whethe 
referred  to  the  primary  or  secondary,  is  the  same.     If  there  was  no 
magnetic  leakage,  the  square  of  the  coefficient  of  mutual  induction 
would  equal  the  product  of  the  coefficients  of  primary  and  secondary 
self-induction.     If  the  reluctance  of  the  main  flux  path  is  small, 
this  consideration  of  the  three  parallel  flux  paths  results  in  an 
expression  showing  that  the  total  leakage  flux  is  directly  proportion- 
al to  the  magnetomotive  force  of  one  coil  and  inversely  proportional 
to  the  reluctance  of  the  leakage  path.     In  other  v/ords,  the  magneto- 
motive forces  of  the  two  coils  may  be  considered  as  acting  in  parallel 
across  the  leakage  path.     The  chief  difficulty  in  the  calculation  of 
the  leakage  flux  lies  in  the  determination  of  the  equivalent  reluct- 
ance of  the  leakage  path. 

It  is  believed  that  the  formulae  derived  for  the  calculation 
of  the  leakage  potential  drop  in  different  types  of  commercial 
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transformers  give  the  general  variation  of  leakage  voltage  with  the 
dimensional  characteristics  of  the  transformers.    On  account  of 
certain  assumptions  made,  however,   it  is  probable  that  in  order  to 
apply  an  equation  to  a  given  type  of  transformer  it  v:ill  be  necessary 
to  employ  a  constant  factor.     The  variation  of  leakage  voltage  with 
the  dimensional  characteristics  for  the  different  types  of  transform- 
ers is  given  in  Curves  7-19  follov/ing  the  theory,  and  is  there 
discussed.     It  is  noted  that  in  every    case  the  variation  of  leakage 
voltage  with  the  distance  between  coils  is  practically  rectilinear. 
This  rectilinear  variation  is  also  brought  out  by  the  tests  made  on 
the  Thordarson  transfonner  with  cylindrical  coils  of  various  diameter:s. 
It  is  also  noted  that  with  cylindrical  coils  of  reasonable  proportion:; 
the  variation  of  leakage  voltage  with  thickness  of  coils  is  practi- 
cally rectilinear.    For  transformers  with  flat  coils  the  leakage 
potential  drop  is  seen  to  decrease  with  increased  subdivision  of 
coils.    This  is  substantiated  by  actual  tests,  as  the  curves  given 
by  Dr.  Benischke  show. 

In  the  exploration  of  the  iron  circuit  with  the  search  coil, 
the  following  characteristics  were  noted.     With  a  concentrated 
v/inding,  the  leakage  is  uniform  along  the  yoke,  and  along  each  leg. 
The  minimum  voltage  induced  in  the  search  coil  is  at  the  point  most 
remote  from  the  inducing  winding,  measured  along  the  mean  iron 
circuit.    An  air  gap  shows  a  slightly  greater  leakage,  but  the  varia- 
tion along    the  iron  circuit  in  the  vicinity  of  the  air  gap  is  un- 
changed.    The  leakage  from  cylindrical  coils  is  a  minimum  at  the 
center  of  the  coil,  and  increases  by  a  straight  line  variation  to 
the  ends  of  the  coil.    The  leakage  flux  increases  directly  as  the 
distance  between  two  coils  on  one  leg  is  increased,     IThen  the  coils 
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are  on  oppoaito  legs  tho  leakage  increases  as  the  diameter  of  the 
coil  increases.     In  general,  greater  area  betv/een  two  coils,  or 
between  the  coil  and  the  iron  core,  provides  a  larger  region  for 
leakage  flux,  and  therefore  causes  a  larger  part  of  the  total  flux 
to  become  leakage  flux» 

The  variation  of  reactance  drop  with  load  current  at  unity 
power  factor  is  astraight  line  variation  in  commercial  transformers 
differing  therefrom  only  when  the  value  of  induction  is  lov/  on 
short-circuit,  and  when  the  power  factor  differs  from  unity. 

In  general,  it  may  be  said  that  the  ability  to  determine 
accurately  the  leakage  reactance  of  transformers  from  design  data 
is  of  value  sufficient  to  warrant  the  extended  investigation  that 
must  be  carried  on  before  this  problem  can  be  solved  and  the  result 
put  in  a  form  that  may  be  readily  applied. 


